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Abstract. Let A be a graded C*-algebra. We characterize Kasparov's iC-theory 
group Ko (A) in terms of graded *-homomorphisms by proving a general converse to 
the functional calculus theorem for self-adjoint regular operators on graded Hilbert 
Ji>J ■ modules. An application to the index theory of elliptic differential operators on 

^^ , smooth closed manifolds and asymptotic morphisms is discussed. 
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_, 1. Introduction. 

£>. 

\q \ Let A be a graded cr-unital C*-algebra with grading automorphism a. We 

characterize Kasparov's K-group in the category of graded C*-algebras, K (A) = 
KK(C, A), as the group of graded homotopy classes of graded *-homomorphisms 
from Co(M), the C*-algebra of continuous functions on the real line with the even- 
odd function grading, to the graded tensor product A<§)]C, where K = M2(/C) is the 
C*-algebra of compact operators graded into diagonal and off-diagonal matrices. 
Addition is given by direct sum. 



ON 

ON 

The isomorphism is established in Section 3 by proving a general converse to the 
functional calculus theorem [11] for self-adjoint regular operators on graded Hilbert 
modules in Section 2. We will indicate in Section 4 how this characterization is 
useful in simplifying calculations with asymptotic morphisms of C* -algebras and 
elliptic differential operators D with coefficients in a trivially graded C*-algebra 
A over a smooth closed manifold M. The functional calculus will give an explicit 
formulation as (nontrivial) compatible graded *-homomorphisms of the generalized 
Fredholm index Index A (D) e K (A) and the symbol class [a{D)\ e K° A (T*M) 
(the topological .ff -theory of vector A-bundles of the cotangent bundle T*M) in a 
form which is suitable for composing directly with asymptotic morphisms, with no 
rescaling or suspensions as in the general theory. Since the product in .E-tlieory 
is given by composition, this approach to index theory is simpler than using the 
Kasparov product in KK-theory [10], which can be very technical. 

We should note that Kasparov's graded X-theory is unrelated to van Daele's 
version, except when A is trivially graded [19]. This paper represents work that 
partially began in the author's thesis [17], although the material in Section 2 is new. 
The author would like to thank his advisers Nigel Higson and Paul Baum for their 
invaluable help and encouragement and also Erik Guentner for helpful suggestions. 
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2. Graded C*-algebras and Hilbert modules. 

In this section we collect some definitions and results on graded C* -algebras and 
Hilbert modules and fix notation. For a complete discussion, see the books [3,9]. 

Let A be a C* -algebra. Recall that A is graded if there is a *-automorphism 
a : A — ► A such that a 2 = id a- Equivalently, there is a decomposition of A as a 
direct sum A = A © A\ , where A and A\ are self-adjoint closed linear subspaces 
with the property that if x G A m and y G A n then a;?/ G A m+n (mod 2). In fact, 
^4-n = {x G A : a(x) = (— l) n x}. We write <9x = n if x G A n . If there is a self-adjoint 
unitary e (called the grading operator) in the multiplier algebra M(A) such that 
a(x) = exe* , then A is said to be evenly graded. A *-homomorphism : A — ► B of 
graded C*-algebras is graded if 0(A n ) C B n for n = 0, 1. 

Example 2.1. The following are the main examples we will be concerned with. 

a.) Every C*-algebra A can be trivially graded by setting A = A and A\ = {0}. 
This is an even grading with grading operator e = 1. The complex numbers 
C are always assumed to be trivially graded. 

b.) The C*-algebra Co(ffi) of continuous complex- valued functions on M. van- 
ishing at infinity is graded into the even and odd functions by defining 
a(f)(t) = f(-t) for all functions / G C (R) and t G R. 

c.) Let 7i be an infinite-dimensional separable Hilbert space. By choosing an 
isomorphism 7i = 7i © 7i we obtain the standard even grading on the C*- 
algebra of compact operators /C = K,{7i) — M 2 (/C), with grading operator 

1 
-1 

which is determined uniquely up to conjugation by a unitary homotopic to 
the identity. 

Let A and B be graded C*-algebras. Define a graded product and graded invo- 
lution on the vector space tensor product A B by the formulas 

(a®b)(a'®V) = {-l) dbda \aa'®W) 
(o<§>&)* = (-l) aaa& (a*©&*). 

The resulting *-algebra is denoted AqB. A grading on AqB is defined by setting 

d(a®b) = da + db (mod 2). 

Now faithfully represent A and B by p\ and p 2 on graded Hilbert spaces H\ and H 2 
with grading operators e\ and 62, respectively. Then AqB is faithfully represented 
on Hi © if 2 (graded by ei © 62) via the formula 

p(a®b) = pi(a)ef a ®p 2 (b). 

The C*-algebra completion is denoted A®B and is called the (minimal) graded 
tensor product. It does not depend on the choice of representations. (There is also 
a maximal graded tensor product [3] but it will not be needed for our purposes 
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Lemma 2.2. (Proposition 15.5.1 [3]) If B is evenly graded, then A(&B = A®B. If 
A is also evenly graded, then under this isomorphism A® B is also evenly graded. 

Corollary 2.3. Let /C have the standard even grading. Then A(&JC = M2{A®K). 
If A is evenly graded by e, A®1C = M2(A®1C) with standard even grading given by 
rj = diag(e® 1, -e(g) 1). 

Let B be another graded C*-algebra with grading (3. Then B[0, 1] = C([0, 1], B) 
canonically inherits a grading by the formula (3(f)(t) = (3(f(t)). Two graded *- 
homomorphisms 0o,0i : A — ► B are graded homotopic if there is a graded *- 
homomorphism $ : A — *■ B[0, 1] such that composition with the evaluation maps 
evt : B[0, 1] — > 5 for £ = 0, 1 are equal to 0o and 0i, respectively. We shall denote 
by [A, B\ the set of graded homotopy classes of graded *-homomorphisms from A 
to B. If : A — > S is a graded *-homomorphism, then we denote by [0] its 
equivalence class in [A, £?]. 

A Hilbert ^-module 7i is graded if there is a Banach space decomposition 7i = 
Tio © Til such that 7i n • A m C 7i n+m and (Ti n ,Tlm) ^ A n+m (mod 2). We let 
£(7i) denote the C*-algebra of all bounded yl-linear maps T : 7i — >■ 7i with an 
adjoint T* and let IC(TC) denote the closed two-sided ideal of compact operators. 
The grading on 7i induces gradings on C(7i) and K(7i) via the identities dT = m 
if T(H n ) C H n+ m- We let H op denote H with the opposite grading H°v =Hi- n - 
Note that if A is trivially graded, 7i is the direct sum of two orthogonal ^-modules. 
If : B — > £(7i) is a *-homomorphism, a closed submodule £ of 7i is (^-invariant 
if 0(6) : £ -> £ for all 6 G B. 

3. The Converse Functional Calculus. 

Let Ti be a (graded) Hilbert ^-module. A regular operator on 7i is a densely 
defined closed ^-linear map D : Domain(L>) — > 7Y such that the adjoint D* is 
densely defined and 1 + D*D has dense range. 1 D has degree one if d(Dx) = dx + 1 
for all x G Domain(L>). 

Proposition 3.1. For any graded * -homomorphism : Co(R) — »■ A, t/iere is a 
maximal (^-invariant closed graded Hilbert A-submodule A^ of A and a self-adjoint 
regular operator D on A^ of degree one such that for all f G Cq(M) we have 
<Kf)\A* = f{D). 

Proof. Given a graded *-homomorphism : Co(R) — > A, define 



A+ = C (R)^A = <j>(C (R))A 

to be the closed right ideal generated by the image of 0. This is a closed graded 
Hilbert submodule of A (see Blackadar [3].) Let C C (R) denote the dense graded 
ideal of continuous functions on R with compact support. Define 

Domain(D) = c/>(C c (R))A 

which is a dense graded submodule of A^. Let d denote the function d(t) = t on 1. 
Define D : Domain(D) — > A^ by the formula D(p(f)x = (fi(df)x where / G C C (R) 
(so df G C C (R)) and extend linearly. Suppose that (f>(f)x = 4>(g)y for some other 
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g G C C (R). Choose a function <f G C C (R) such that d = d! on the compact set 
supp(/) U supp(g). Then we have 

D<f>{f)x = (P(d'f)x = <j>{d')<t>{f)x = (j>(d')cf>(g)y = cf>(d'g)y = D<f>(g)y. 

It follows that D is well-defined and is clearly A-linear. Also, D is degree one since 
d is an odd function on R. The computation 

(Dcj>{f)x,<t>{g)y) = x*<j>(df)*<l>(g)y = x*<P(dfg) = x* <j>(f)* <f>(dg)y = (<t>{f)x,D<t>{g)y) 

shows that D is symmetric on Domain(_D). This implies that D is closeable, so we 
replace D by its closure D. Consequently, (D ± i) are injective and have closed 
range by Lemma 9.7 [11]. Let / G C C (R). For any x G A we have 

(1 + D 2 )0((1 + d 2 )- 1 )^^ = 0((1 + d 2 ){l + d 2 )- 1 ^ = cf>(f)x. 

It follows that Range(l + D 2 ) ~D Domain(D) is dense and so D is regular. We will 
show D is self-adjoint by using a Cayley transform argument. 

Extend to </>+ : Co(R) + — > A+ by adjoining a unit. Let z G Co(R) + denote 
the unitary 

z(t) = 1 —^- = 1 - 2ir_(t), for t G R 

£ + i 

where r_(t) = (t — z) _1 denotes the resolvent. Let L/d = <fi + (z) = l — 2i<p(r-) G A + . 
It is easy to check that for all x G Domain(_D) we have that the unitary Ud satisfies 

U D (D + i)x = (D + i)U D x = (D - i)x. 

By Lemma 9.8 and the discussion following Proposition 10.6 in Lance [11], the 
closed symmetric regular operator D is self-adjoint and Ud = (D + i)~ 1 (D — i)). 

To show 0(/)|aj, = f(D), it suffices to show this for the resolvents r±(t) = 
(<i±i) _1 (i). Let {/ n }^Li be an approximate unit for Cb(R) consisting of compactly 
supported functions. Let x G A^ be given. Then (f)(f n )x G Domain(L>) for all n 
and (f)(f n )x — > x as n — > oo. We have that as n — > oo, 

(D ± i)cf>((d ± i)-Vn)a: = </>((d ± *)(<* ± *)~ V»)z = <Kf n )x -► x. 

Now since 4>((d ± i)~ x f n )x = <j)((d ± i)~ 1 )(f>(f n )x — >■ 0((<i ± i) _1 )x as n — ► oo and 
(.D ± i) is closed, we conclude that <j)((d ± z) _1 )x = (D ± i)~ 1 x. Since x G A^ was 
arbitrary, we are done. D 

Let B be a C*-algebra. If 7i is a Hilbert S-module, a *-homomorphism <p : A — *• 
£(7i) is called nondegenerate if 4>{A)7i is dense in 7i. It is called s£nc£ if {0(w n )} 
is Cauchy in the strict topology of £(H) for some approximate unit {u n } in A. 
Nondegeneracy implies strictness [11]. The following result may be considered the 
converse to the functional calculus for self-adjoint regular operators [2,4,11]. 

Theorem 3.2. (Converse Functional Calculus) Let : Co(R) — > £(H) be graded. 
There is a closed graded ^-invariant Hilbert submodule Ti^ of H and a self-adjoint 
regular operator D on Ti^ of degree one such that for all f G Co(R) we have 

±( t\~. J'/n\™ -f . „// ™ r- -1-/ 71 /T . . A-C A „'„ „4„„'„J- J-I, n-J „'„ „„™„7„~„ J- — 7 
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and 4>(f) = f(D) G C(7i^) C C(Ti). If 4> is nondegenerate then 7i = TC^. And if 
<f>(Co(M)) C JC(Tl) then D has compact resolvents. 

Proof. Let A = C{Ti). Let D' : Domain(D') — ► A^ be the self-adjoint regular 
operator on A^ = Co(M)®0A from the previous proposition such that </»(/) = f(D'). 
Let i : A — ► C(H) be the identity. Define H^ = (j)(Co(M.)H = A^iH which is a 
closed Hilbert submodule of 7i. Define D = D'®il on 

Domain(D) = Domain(£>')©ift 2 (p(C c (R))H. 

By Proposition 10.7 [11], D extends to a self-adjoint regular operator on Ti^. (D = 
i*(D') in the notation of [11].) If x G Tit/,, we compute that 

/(£>)* = f(D'®il)x = (f(D')®il)x = f(D')® iX = <P(f)x. 

If is strict then Ti^ is a complemented submodule of 7Y by Proposition 5.8 [11] 
and so CiTi^) includes as a graded subalgebra of C{7i). The result now easily 
follows. □ 

Note that if <fi is the zero homomorphism then Ti^ = {0} and D = 0, so f(D) — 
O = 0(/)- 

4. Graded if-theory. 

Standing Assumptions. Throughout this section A will denote a complex cr- 
unital graded C*-algebra and Co(R) and /C will have the gradings as in Example 
2.1. 

Let if a denote the Hilbert A- module of all sequences {a n }J° C A such that 
{X)i a fc a fc}i° converges in A. It has a natural grading into sequences of even and 
odd elements. Let Ha = Ha © H ^ , where if^ p denotes Ha with the opposite 
grading. This is the standard graded Hilbert module for A. We have the following 
very important result of Kasparov in the theory of graded Hilbert modules. 

Stabilization Theorem. (Kasparov [10]) If H is a countably generated graded 
Hilbert A-module then H © Ha — H A - 

It is a standard result that A©/C is graded *-isomorphic to 1C(Ha), the C*-algebra 
of compact operators on Ha (with the induced grading) (See 14.7.1 [3]). For the 
remainder of this section, we will identify A©/C = JC(Ha). From stabilization, 
conjugation by the graded isomorphism Ha — Ha © Ha determines a unitary in 
C(H A ) = M(A®K,) of degree zero. 

Lemma 4.1. Let u G M(A®K) be a unitary of degree zero. There is a strictly 
continuous path of degree zero unitaries {^t}te[o,i] C M(A®K,) such that U\ — u 
and Uq — 1. 

Proof. Write K = K{H © H) where H = L 2 [0, 1]. Then M{A®K) contains a copy 
of C(H © H). Let {v t } be a strictly continuous path of isometries in C(H) with 
Pt = v t vl — > strongly as t — > as in Proposition 12.2.2 [3] . Set V t — v t © v t G 
C(H © ii") and note that each V t has degree zero. Set W t = l<S>V t which also has 
degree zero and let 

TT TI/ -.IT/ - * i /■-l ttt TJ7-*\ 
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for t > and Uq = 1. It is easy to check that this works. □ 
Definition 4.2. Let A have grading automorphism a. Define 

K'{A) = K'(A, a) = lC (R),A®iq. 

Define a binary operation on K'(A) by direct sum [0] + [ipj = \(f> © ipj, where the 
direct sum is with respect to the graded isomorphism Ha — Ha © Ha 

Theorem 4.3. K'(A) is an abelian group under the direct sum operation and 
satisfies the relation 

where u = u* = I J on Ha = Ha © Ha- 

Proof. It follows from Lemma 4.1 and the proof of Theorem 3.1 in Rosenberg [15] 
carried over to the graded case that K'(A) is an abelian monoid with zero given by 
the zero (or any null-homotopic) *-homomorphism. We only need to show inverses 
Let 4> : Co(M) — > JC(Ha) be graded. Let D be the regular operator on H<f> C Ha 
associated to <fi from the converse functional calculus. Via stabilization Ti^ @Ha — 
Ha and Lemma 4.1, we may assume (up to graded homotopy) that <f> is strict by 
Proposition 5.8 [11]. Thus 4>{f) = f(D) for all / e C (R). Then D°p = uDu* on 
the Hilbert module Ti^ is the operator associated to [«</>«*] since by the functional 
calculus 

/(£><*) = f{uDu*) = uf{D)u* = v4{f)u\ 

Let e be the grading on Ha- For each t > 0, define 

on Ti^eH ^ C H A and let B t =0on the complement. Define $ t : C (R) -»• /C(if A ^ 
by 

$ t (/) = /(© t ). 

For t = we have $ (/) = /(D ) = <f> © «0m*. Note that 

and so the spectrum of D t is contained outside the interval (— t, t). Therefore, 
||/(D t )|| < sup{|/(x)| : x G spec(D i )} ^ as t ^ oo 

for all / G Co(M) and the result follows. □ 

Definition 4.4. A K -cycle for a graded C*-algebra A is an ordered pair (7i,T), 
such that 7i = Ho © Hi is a countably generated graded Hilbert A-module and 
T G £(H), where C{T~L) is the graded C*-algebra of all bounded A-linear operators 
on Ti with adjoint, which satisfies the following conditions: 

i.) T is of degree one; 
ii.) T — T* G K,{H) is compact; 
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The K-cyc\e is called degenerate if T 2 = 1. 

By a standard argument we may assume that T = T* is self-adjoint. There is 
an obvious notion of unitary equivalence for two if-cycles [3,10]. Two K-cycles 
(Ho, Tq) and (Tii,Ti) are homotopic if there is a K-cycle (Ti,T) for A[0, 1] such 
that (Ti® eVi A, T<S> ev .l) are unitarily equivalent to (Hi,Ti) where ev t : A[0, 1] —* A 
are the evaluation maps. A collection {(Ti,T t )} te [ ;1 ] of K-cycles for ^4 is called 
an operator homotopy if £ i— > Tj is norm continuous in t. An operator homotopy 
induces a homotopy (W,T) by defining W = C([0,1],W) and T(f)(t) = T t (f(t)) 
for / : [0, 1] - H. 

Proposition 4.5. (Theorem 4.1 [10]) The set KK(C, A) of all equivalence classes 
of K-cycles for A under the equivalence relation (generated by) homotopy is an 
abelian group under the relations 

(Wi,to + (h 2 ,t 2 ) = (n 1 ®n 2 ,D 1 © D 2 ) 

-(H,T) = (Ti op ,-T). 

The class of any degenerate K -cycle is zero in KK(C, A). 

Let u = ( J be the degree one unitary with respect to the grading on 

7i = 7~to © Tii 

Lemma 4.6. -(H,T) = (W,T°p) G KK(C,A), where T°p = uTu* . 

Proof. In the complex world, (Ti, T) = (Ti, —T) since they are operator homotopic 
(but not through self-adjoint i^-cycles in general.) It follows that 

-(H, T) = (Ti op , -T) = (Ti op , T) = (Ti, uTu*) = (Ti, T op ) 

since u : Ti op — ► Ti implements a unitary equivalence. D 

Theorem 4.7. K'(A) is isomorphic to KK(C, A). 

Proof. Let G(t) = t(t 2 + l) -1 / 2 which defines a degree one, self-adjoint element 
in Cfc(R) = M(Co(M)), the continuous bounded functions on R. Define a map 
K'(A) ^ KK(C,A) via 

\4>\^(Ti^,G(D)) 

where D is the regular operator associated to <fi : Cq(K) — > K,(Ti<p) C IC(Ha) via the 
converse functional calculus. (As in Theorem 4.3, we may assume that <fi is strict.) 
The operator G(D) is a degree one, self-adjoint element of M(JC(Ha)) = C(Ha) 
and G(D) 2 — 1 is compact since 

G(D) 2 -1 = (D 2 + l)" 1 = 4>(G) e K(Ti$). 

This map is easily seen to be well-defined since applying the construction to a 
graded homotopy $ : Co(lR) — ► JC(Ha)[0, 1] yields a homotopy of i^-cycles by using 
the graded isomorphism 

v I ti \\r\ 11 ~ / dAnfn il~ A fn ilAr ~ k/ij \ 
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It is also distributes over direct sums and maps 

-Ul = Nm*] -> (n^,G(DD = -(H^G(D)) 

via properties of the functional calculus and Lemma 4.6. 

The reverse map is defined using the techniques of Baaj and Julg [2]. Let (7i, F) 
be a .KT-cycle for A. We may assume that F = F* and 7i = Ha- Let T > be 
a strictly positive element of JC(H A ) of degree zero which commutes with F. Any 
two such operators are operator homotopic via the straight line homotopy. Let 
D = FT -1 . Note that Domain(D) = Range(T) is a dense submodule of Ha- One 
has that D = D* and (D 2 + l)~ 1 = T 2 (F 2 +T 2 )" 1 is compact. We have the identity 
G(D) = F(F 2 + T 2 )- 1 / 2 and so it also follows that (H A ,F) and (H A ,G(D)) are 
operator homotopic. It follows from the identity 

(D ± i)- 1 = D(D 2 + l)" 1 t i(D 2 + l)" 1 

that the resolvents are also compact. Define 

KK(C,A)->K'(A) 

by sending (H A ,F) to the graded homotopy class of the graded *-homomorphism 

<j>:f^f{D)eK,{H A ). 

As above, K,{Ha[qa]) — ^(H A )[0,1], so a homotopy (Ha[o,i],F) is mapped to a 
homotopy $ : Co(M) — >■ 1C(H A )[0, 1]. Thus the reverse map is well-defined. One 
checks easily that these two maps are inverses to each other. □ 

If A is trivially graded and unital then A®)C — M2 (A ® /C) with even grading 
given by e = diag(l,— 1). That is, M2(A <g> K) is graded into diagonal and off- 
diagonal matrices. It follows from the above that 

K'(A) = {C (R),A®lC]=Ko(A). 

We will describe the isomorphism directly via the more familiar language of 
projections. It is a standard result that Kq(A) is the group of formal differences of 
homotopy classes of projections p = p*=p 2 EA®JC with addition given by direct 
sum [p] + [q] — \p' + q'\ where p ~^ p', q ~/j q' and p' _L q'. Let u G M 2 (M(A <g> K)) 
be the degree one unitary 

1 
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Recall that for any self-adjoint involution w (i.e., w* = w,w 2 = 1) there is an 
associated projection p(w) = \{w + 1). 

Let x — [p] — [q] E Kq(A) where p and q are projections in A <g> /C. Define a map 

X :Co(R)^M 2 (A(E)IC) 

by the formula 



0x(/) = f /( ? p JL V /eCo(l). 
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This defines a *-homomorphism since p = p 2 = p* (similarly for q) and is graded 
since /(0) = for any odd function. Note that the homotopy class of 4> x depends 
only on the homotopy classes of p and q. Now we define a map \x : Kq(A) — ► K'{A) 
by mapping 

x\ — ► \(t>x\- 

It also follows that 

j, rf w (n _ff(0)dmg(p,q) diag(0,0)\ ff(0)(p' + q') 0\ _ 

<«/)©«/) ~ [ d iag(0,0) diag(0,0) ) ~ h { o)~ <VW/) 

and so it is additive. For x = [p] — [q] we have — x = [q] — [p] maps to 

*-.(/) = ( /( 0)? /( ° % )=^(/)«-. 

Thus, /i(— x) = [ti0 x «*] = —[0x1 = —^(x). One should note that with the grading 
present <p x and 0-^ are not homotopic through graded *-homomorphisms since u 
has degree one and the identity has degree zero. 

Conversely, given [0] G K'(A), extend to a graded *-homomorphism 

0+ :C (R) + ^(A®)C) + 

by adjoining a unit. Let z denote the unitary given by the "Cayley transform" 

z(t) = — = l + 2ir_(t) 

t — i 

where r_(t) = (t — i)~ l is the resolvent function. Let u^ denote the unitary 

u^ = <f>+(z) = 1 + 2z0(r_) G (A <g> /C)+ 

A simple computation shows that (eu^) 2 = 1 and (eu^)* = eu^. We also have that 
e* = e and e 2 = 1. Consider the associated projections 

p(e), p(eu^) G {A®K,)+. 

By the definition of u^ above, we see that p(e) —p(eu ( f ) ) = 2i(/)(r + ) G A<S>JC. Also, a 
homotopy of (j) induces a homotopy of the unitary u^ and thus of p(eu<f>). We define 
v : K'(A) -► K (A) by 

KM) = [p(e)]-b(e^)]GK (A). 

A simple computation shows that v o /j, = 1. We only need to show \x is onto. It 
then follows that v = \x~ x is a homomorphism. 

Since A is trivially graded Ha = Ha © Ha with each factor determining the 
grading. Again identify A®1C = IC(Ha)- Let [0] G iT'(A). Up to graded homotopy 
we may assume that (p '■ Cq(M) — ► K(Ha) is strict (via stabilization). Let 



1} 
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on Ha be the self-adjoint regular operator of degree one with compact resolvents 
from the converse functional calculus such that 4>(f) = f(D). Let G(D) = D(D 2 + 
1)~ 2 which is a self-adjoint bounded operator of degree one on Ha with G(D) 2 — 1 
compact. By a graded homotopy, we may assume that </>(/) = (/ o G)(D) = 
f(G(D)). (Note that the diffeomorphism G : M. — > (—1, 1) is the homotopy inverse 
to the inclusion (—1,1) C M..) Thus, we can write 

on Ha © Ha where G+ : Ha — ► Ha is a generalized Fredholm operator [18]. Up to 
a compact perturbation of G+ (which would induce a graded homotopy), we may 
assume that Ker (G(D)) = Ker(G + ) © Ker(G^_) is a finite projective A-module in 
Ha, and is thus complemented. Note that for x G Ker (G(D)) we have f(G(D))x = 
f(0)x. Since A is trivially graded, Ker(G+) and Ker(G^) are finite projective 

A-modules. Let P| G K,(Ha) be the compact projections onto Ker(G+ ). Let 
x = [P+] — [P+] = Index a(G+) G Kq(A) [18]. A graded homotopy connecting (j> to 
the graded *-homomorphism 



Mf) 



( /( T + /(o)pi ) G k{Ha ® ^ a) = /c( ^ : 



is given by 



Mf) 



fit^GiD)), t>0 
Thus, n(x) = [</>] and so [i is onto as was desired. 



Corollary 4.8. If A is unital and trivially graded then the maps [i and v are 
inverses. 

5. Elliptic Operators over C*-algebras. 

In this section, we will show how the previous results and the functional calculus 
give explicit realizatons as graded *-homomorphisms of the i^-theory symbol class 
and Fredholm index of an elliptic differential operator with coefficients in a trivially 
graded C*-algebra. 

Let A be a trivially graded unital C*-algebra and M be a smooth closed Riemann- 
ian manifold. Let E — » M and F — > M be smooth vector ^4-bundles, that is, smooth 
locally trivial fiber bundles on M whose fibers E p and F p are finite projective A- 
modules for each p G M. Let C°°(E) denote the vector space of smooth sections of 
E, which is a module over A : similarly for C°°(F). Let D : C°°(E) -»• C°°(F) be an 
elliptic differential A-operator of order n on M [13,17]. (If A = C then D is an or- 
dinary differential operator.) Let a = <r(D) : ir*(E) — ► 7r*(F) denote the principal 
symbol of D which is a homomorphism of vector A-bundles, where ix : T*M — > M 
is the cotangent bundle. The condition of ellipticity is the requirement that for each 
non-zero cotangent vector (^0 6 T p *M the principal symbol c^(D) : E p — > F p is 
an isomorphism of A-modules. 

Equipping the fibers E p (and F p ) with smoothly varying Hilbert ^-module struc- 
tures 
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defines a pre-Hilbert A-module structure on C°°(E) via the formula 



(s,s') = / (s(p),s'(p)} p dvo\ M G A 

J M 



for s, s' G C°°(E), where dvolM is the Riemannian volume measure on M. (And 
any two such structures are nomotopic via the straight line homotopy.) It follows 
that an adjoint differential operator D l : C°°(F) — > C°°(E) exists and is of the 
same order as D. The principal symbol of the adjoint is the adjoint of the principal 
symbol a^D*) = a*(D) G C(F p ,E p ) for £ G T*M. Consider the formally self- 
adjoint differential A-operator of degree one 

^ D qY.C 00 (E)®C 00 (F)^C 00 (E)®C 00 (F) 

on the graded pre-Hilbert A-module C°°(E) © C°°(F). The principal symbol of © 
is the self- adjoint bundle morphism of degree one 

a = tT (B) = (® a *\ :n*(E)®7v*(F)^7v*(E)(B7v*(F) 

on the graded pull-back vector A-bundle tt*(E) © ir*(F). 

Lemma 5.1. The resolvents (cr ± i)~ x : n*(E) © tt*(F) -»■ n*(E) © vr*(F) are 
vector A-bundle morphisms which vanish at infinity on T*M in the operator norm 
induced by the Hilbert A-module structures on the fibers E p ® F p . 

Proof. Follows from homogeneity er(p,t£) = £ n cr(p, £) and ellipticity. □ 

Form the Cayley transform [14] 

u = (cr + i){cr - i)' 1 = 1 + 2i(cr - i) _1 . 

By complementing the vector A-bundles E and F , e.g. E © G = M x A n , we may 
embed 7r* (E © F) in a trivial A-bundle 

A = T*M x (A n ©A n ). 

Now extend the automorphism u to the A-bundle A by defining it to be equal 
to the identity on the complement of %*E © n*F in A. From the lemma above, 
it follows that u extends continuously to the trivial A-bundle on the one-point 
compactification (T*M) + by setting u(oo) = I. 

Let e = diag(l, -1) be the grading of the trivial A-bundle (T*M)+ x (A n © A n ). 
Since ecr = —ere it follows, as in the previous section, (ue) 2 = 1 and (ue)* = ue. 
(We also have obviously that e* = e and e 2 = 1.) 

Therefore, we obtain two projection-valued sections 

p(e), p(ue) : (T*M)+ -+ End(A) 

on (T*M) + which are equal at infinity. We can view them as projection- valued func- 
tions (T*M)+ -> M 2 (M n (A)) S M 2n (A). Both define elements in K Q (C(T*M+) © 
A) and so their difference defines an element 
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This is the symbol class of the elliptic ^-operator D as constructed in [7,14,17]. By 
Corollary 4.8 and stability, it follows that 

K (C Q (T*M)® A) £ {Co(R),C (T*M)®M 2n (A))] 

and £(D) is identified with the graded homotopy class of the graded *-homomorphism 

$ CT : C (R) -► C (T*M, M 2n (A)) = M 2n (C (T*M) <g> A) 

given fiber-wise by the ordinary matrix functional calculus 

<M/)(0 = /fo(B>)) e M 2n (A)), for e e T*M. 

The principal symbol cr(D) : n*(E) — > 7r*(i^) determines a class [cr(D)] G 
.£f^(T*M) (the topological X-theory of T*M defined via vector ^-bundles) since 
it is a bundle morphism that is an isomorphism off the compact zero-section M C 
T*M. By the Mingo- Serre- Swan Theorem [12,16], we have K A (T*M) £ K (C (T*M)£ 
A), which is induced via the action of taking sections as for the case A — C. It 
thus follows from this and the constructions in the previous section that all three 
of these symbol classes can be identified. 

Proposition 5.2. [a(D)} = £(£>) = [$ ff ] G i^(T*M) ^ K (C (T*M) <g> A). 

Let L 2 (E) denote the completion of the pre-Hilbert A-module C°°(E). The 
differential A-operator D defines an (essentially) self-adjoint regular operator of 
degree one on the graded Hilbert A-module Hd = L 2 (E) © L 2 (F). (We replace D 
by its closure D which is self-adjoint.) Since ID) is elliptic, the resolvents (D ± i) _1 
are compact. (This follows from the parallel Sobolev theory for differential A- 
operators [13].) The complementation of the bundles E and F above allows a 
coherent inclusion (with the previous constructions) 

H D C L 2 (A) £ L 2 (M) <g> A 2n 

which induces a graded inclusion of C*-algebras JC(H,d) *—>■ M 2n (JC <8> A). By the 
functional calculus for self-adjoint regular operators [11] we obtain a graded *- 
homomorphism 

$ D : Co(K) -> M 2n (/C <g> A) : / » /(D) 

Recall that the usual definition of the generalized Fredholm (analytic) index Index a{D) 
in terms of kernel and cokernel modules requires compact perturbations for a gen- 
eral C*-algebra A [13,18]. This is incorporated in the computations in the proof of 
Corollary 4.8, so we see that the functional calculus for D gives this index. 

Proposition 5.3. Index A (D) = [$ D ] G K (A). 

Naturally associated to M and A is an asymptotic morphism of C*-algebras 

{* Jte[i,oc) : C (T*M) <g> A -► /C(L 2 M) ® A, 

which is defined via Fourier transforms and a partition of unity up to asymptotic 
equivalence. (For complete details on the construction see [5,7,17].) The induced 
map 

^* : K° A (T*M) = K Q (C (T*M) <g> A) -> K (A) 

on i^-theory is useful for doing index-theoretic and iiT-theoretic calculations with 
elliptic operators. If M — R n , the induced map is Bott periodicity K (Co(M. 2n ) <g> 
A) = Kq(A) [17]. The following result implies the exact form of the Mishchenko- 
Fomenko index theorem [13], hence the Atiyah-Singer index theorem [1] when A = 
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Theorem 5.4. (Lemma 4.6 [17]) If D is an elliptic differential A- operator of order 
one on M then 

**([<t(D)]) = Index A (D) e K {A). 

The proof reduces to composing the graded symbol homomorphism 
^ : C (R) - M 2n (C (T*M) <g> A) : / » f(a) 
with the matrix inflation of this "fundamental" asymptotic morphism for M and A 

{**} : M 2n (C (T*M) <g> A) -> M 2n (/C ® A). 

and comparing this to the continuous family of graded operator *-homomorphisms 

{$D W,oc) : C (R) - M 2n (A <g> /C) : / ^ /(t" 1 ©). 

One then proves [17] via Fourier analysis and a compactness argument that for any 

/eCo(l), 

lim ||vl/ t (/( < T))-/(t- 1 D)||=0 

t — >oo 

and so the composition {\l/ t o (& a } is asymptotically equivalent to {$£>}• Therefore, 
by stability and homotopy invariance of the induced map [5,6], 

The result now follows by Propositions 5.2 and 5.3. 
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